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𝑇𝑇BCS = 𝜔𝜔𝐷𝐷 exp −1/𝑁𝑁 0 𝑉𝑉

For bulk SC – only long-ranged interactions are important



1. Coulombic superconductivity: 

The Gurevich-Larkin-Firsov (GLF) mechanism

2. Lower dimensional / filamental superconductivity

(credit to Jeremy Levy)

3. Pairing from FE quantum fluctuations

Main candidates for pairing in STO

𝑁𝑁2𝐷𝐷 0 ∼
𝑚𝑚
2𝜋𝜋

Kalisky et. al. Nat. Mat. (2014)



FE transition is a structural transition
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𝐿𝐿𝑢𝑢 = 𝑢𝑢𝑙𝑙 𝜕𝜕𝑡𝑡2 − 𝐴𝐴𝑗𝑗𝑙𝑙(𝛁𝛁) 𝑢𝑢𝑗𝑗 + 𝛽𝛽1 𝑢𝑢𝑥𝑥4 + 𝑢𝑢𝑦𝑦4 + 𝑢𝑢𝑧𝑧4 + 𝛽𝛽2 𝑢𝑢𝑥𝑥2𝑢𝑢𝑦𝑦2 + 𝑢𝑢𝑥𝑥2𝑢𝑢𝑧𝑧2 + 𝑢𝑢𝑧𝑧2𝑢𝑢𝑦𝑦2

𝐴𝐴𝑗𝑗𝑙𝑙 𝒒𝒒 = 𝜔𝜔𝑇𝑇
2𝛿𝛿𝑗𝑗𝑙𝑙 + 𝑐𝑐𝐿𝐿2 +

Ω𝑝𝑝2

𝑞𝑞2 𝑞𝑞𝑗𝑗𝑞𝑞𝑙𝑙 + 𝑐𝑐𝑇𝑇2 𝑞𝑞2𝛿𝛿𝑗𝑗𝑙𝑙 − 𝑞𝑞𝑗𝑗𝑞𝑞𝑙𝑙 + 𝛼𝛼𝑞𝑞𝑗𝑗2𝛿𝛿𝑗𝑗𝑙𝑙

Coulomb 
interaction

Tuning 
parameter

Theory for FE QCP
Khmelmitskii & Shneerson (1971)



Theory for FE QCP
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𝑞𝑞Acoustic𝜔𝜔𝑇𝑇

LO

TO
𝜔𝜔𝑇𝑇
2 + Ω𝑝𝑝2

�⃗�𝑞The dipole-dipole interactions force the polarization

vectors to become transverse in the 𝒒𝒒 → 𝟎𝟎 limit

(JR & Lee PRB 2019)

Khmelmitskii & Shneerson (1971)



Moordian & Wright (1966)

Theory for FE QCP – with electron doping
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2𝛿𝛿𝑗𝑗𝑙𝑙 + 𝑐𝑐𝐿𝐿2 +

Ω𝑝𝑝2
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𝜖𝜖𝑒𝑒 𝜔𝜔,𝒒𝒒 = −
4𝜋𝜋𝑒𝑒2

𝜖𝜖∞𝑞𝑞2
Π(𝜔𝜔,𝒒𝒒)

1. For Ω𝑝𝑝 ≫ 𝜔𝜔𝑝𝑝: same as undoped limit

2. For Ω𝑝𝑝 ≪ 𝜔𝜔𝑝𝑝 : 𝜔𝜔𝐿𝐿 → 𝜔𝜔𝑇𝑇 & transition is non-polar case

In STO 𝛀𝛀𝒑𝒑 ∼ 𝟗𝟗𝟗𝟗 meV – fits to option 1….

For 𝒒𝒒 → 𝟎𝟎 we have 𝝐𝝐𝒆𝒆 𝝎𝝎,𝒒𝒒 ≈ −𝝎𝝎𝒑𝒑
𝟐𝟐/𝝎𝝎𝟐𝟐 and therefore:



Theory for FE QCP – the el-ph coupling

Fröhlich coupling - 𝐿𝐿𝑒𝑒𝑙𝑙−𝑝𝑝ℎ𝐿𝐿𝐿𝐿 = −
𝑚𝑚
𝑛𝑛

2Ω𝑝𝑝𝜔𝜔𝑝𝑝
𝑞𝑞2

�⃗�𝑞 ⋅ 𝑢𝑢 𝑐𝑐𝑘𝑘+𝑞𝑞+ 𝑐𝑐𝑘𝑘
(only longitudinal mode)



Theory for FE QCP – the el-ph coupling

Fröhlich coupling - 𝐿𝐿𝑒𝑒𝑙𝑙−𝑝𝑝ℎ𝐿𝐿𝐿𝐿 = −
𝑚𝑚
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Spin-orbit coupling - 𝐿𝐿𝑒𝑒𝑙𝑙−𝑝𝑝ℎ𝑆𝑆𝐿𝐿𝑆𝑆 = 𝛼𝛼 𝑐𝑐
𝑘𝑘+𝑞𝑞2

+ 𝑘𝑘 × �⃗�𝜎 𝑐𝑐𝑘𝑘−𝑞𝑞2
⋅ 𝑢𝑢𝑞𝑞

(only longitudinal mode)

Kozii & Fu 2015 ; Gastiasoro et. al. 2020
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Kozii & Fu 2015 ; Gastiasoro et. al. 2020



Theory for FE QCP – the el-ph coupling
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Kozii & Fu 2015 ; Gastiasoro et. al. 2020



Theory for FE QCP – the el-ph coupling
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* Becomes small at 𝒌𝒌𝑭𝑭 → 𝟎𝟎

Kozii & Fu 2015 ; Gastiasoro et. al. 2020
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To understand such a theory we started from a 
Dirac point coupled to a FE QCP

PbxSn1-xTe

𝛼𝛼

𝑐𝑐/vF

𝐿𝐿𝑒𝑒𝑙𝑙−𝑝𝑝ℎ𝑆𝑆𝐿𝐿𝑆𝑆 = 𝛼𝛼 𝜓𝜓
𝑘𝑘+𝑞𝑞2

+ �⃗�𝛾 𝜓𝜓𝑘𝑘−𝑞𝑞2
⋅ 𝑢𝑢

PRX 9 031046  (2019)

Vlad Kozii Zhen Bi



1. Removes Coulomb repulsion

1. Generates long-ranged interaction 
(gapless mode)



In summary, to understand the importance of 
FE fluctuations we need… 

• At q0 Coulomb forces make soft mode 

transverse

• There is a direct coupling to through SOC

• In Dirac systems in the relativistic limit this 

causes low-density SC. 

(In STO one needs to check …  )

• Missing factors: disorder, phonon-phonon 

interaction, strong coupling effects …  

�⃗�𝑞

𝐿𝐿𝑒𝑒𝑙𝑙−𝑝𝑝ℎ𝑆𝑆𝐿𝐿𝑆𝑆 = 𝛼𝛼 𝑐𝑐
𝑘𝑘+𝑞𝑞2

+ 𝑘𝑘 × �⃗�𝜎 𝑐𝑐𝑘𝑘−𝑞𝑞2
⋅ 𝑢𝑢𝑞𝑞



GLF theory to STO
Gurevich, Larkin and Firsov 1961, Takada 1980, JR & Lee 2016, Klimin et. al. 2018, 
Wolfle & Balatsky 2018, Rowely et. al. 2018 … 

The s-wave pairing vertex

Klimin et al Wolfle & Balatsky Takada

𝑉𝑉𝑆𝑆 𝑖𝑖𝜔𝜔,𝒒𝒒 =
4𝜋𝜋𝑒𝑒2

𝜖𝜖∞ 𝜖𝜖𝑒𝑒 𝑖𝑖𝜔𝜔,𝒒𝒒 + 𝜖𝜖𝑐𝑐(𝑖𝑖𝜔𝜔,𝒒𝒒) 𝑞𝑞2
𝜖𝜖𝑐𝑐 𝑖𝑖𝜔𝜔,𝒒𝒒 = �

𝑗𝑗=1

3 𝜔𝜔𝐿𝐿𝑗𝑗
2 (𝒒𝒒) − 𝜔𝜔2

𝜔𝜔𝑇𝑇𝑗𝑗
2 (𝒒𝒒) − 𝜔𝜔2

𝜖𝜖𝑒𝑒 𝑖𝑖𝜔𝜔,𝒒𝒒 = −
4𝜋𝜋𝑒𝑒2

𝜖𝜖∞𝑞𝑞2
Π(𝑖𝑖𝜔𝜔,𝒒𝒒)



GLF theory to STO
Gurevich, Larkin and Firsov 1961, Takada 1980, JR & Lee 2016, Klimin et. al. 2018, 
Wolfle & Balatsky 2018, Rowely et. al. 2018 … 

The s-wave pairing vertex

• Works surprisingly well, but has issues of validity

• Predictive power, phenomenological consequences?

Gastiasoro, JR & Fernandes, 2020



Lower dimensional / filamental SC

Lower dimensional states have larger density 
of states

𝑁𝑁2𝐷𝐷 0 ∼
𝑚𝑚
2𝜋𝜋

Kalisky et. al. Nat. Mat. (2014)Pai et. al. arxiv (2017)

Jeremy Levy
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